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Abstract
In three space dimensions, we consider the compressible inviscid model describing the time
evolution of two fluids sharing the same velocity and enjoying the algebraic pressure closure.
By employing the technique of convex integration, we prove the existence of infinitely many
global-in-time weak solutions for any smooth initial data. We also show that for any piecewise
constant initial densities, there exists suitable initial velocity such that the problem admits
infinitely many global-in-time weak solutions that conserve the total energy. The structure of
the two-fluid model is crucial in our analysis. Adaptations of the main results to other two-
fluid models, like the liquid-gas flow, are available. Local-in-time existence and uniqueness of
classical solutions will also be shown.
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1 Introduction
In this paper, we are concerned with the global-in-time solvability to the compressible two-fluid
model system:
∂t(α±̺±) + divx(α±̺±u) = 0,
∂t[(α+̺+ + α−̺−)u] + divx[(α+̺+ + α−̺−)u⊗ u] +∇xp = 0,
α+ + α− = 1, α± ≥ 0,
p = p+ = p−.
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The model describes the motion of two immiscible compressible fluids sharing the same
velocity field and obeying the algebraic pressure closure. In the system above, α+(t, x), α−(t, x)
denote volumetric rates of presence of fluid + and −, and so, by definition, they sum up to 1;
t ∈ R+ and x ∈ R3 denote the temporal and spatial variables respectively; ̺+(t, x), ̺−(t, x)
denote mass densities of the constituents, u(t, x) is the common velocity, and p is the internal
pressure that will be specified later on. Throughout this paper, we neglect the effect of kinematic
viscosity and immediately switch to more convenient notation using the conservative quantities:
R = α+̺+, Q = α−̺−, Z = ̺+, (1.1)
in consistency with the notation from [2]. The time evolution of the new “densities” R and Q,
and the velocity field u is now described through the following partial differential equations:
∂tR+ divx(Ru) = 0,
∂tQ+ divx(Qu) = 0,
∂t[(R +Q)u] + divx[(R+Q)u⊗ u] +∇xp = 0,
(1.2)
By algebraic pressure closure we mean that pressure in phase + and − are equal. If both of
the fluids are barotropic, then
p+ = (̺+)
γ+ , p− = (̺−)
γ
−
with some adiabatic constants γ± > 1. Equality of pressures implies that p can be expressed
as a function of single variable Z
p(Z) = Zγ+ , (1.3)
where Z is an implicit function of R and Q interrelated throughQ =
(
1−
R
Z
)
Zγ , γ = γ+/γ−,
R ≤ Z.
(1.4)
It was shown, see [2], that Z is uniquely determined by (1.4). Thus, we may view Z as a
function Z = Z(R,Q).
Mathematical results on the two-fluid model (1.2)-(1.4) are mainly concentrated on its vis-
cous regime. In three-dimensional space, Bresch et al. [2] proved the existence of finite energy
weak solutions to the viscous Stokes system in semi-stationary case. We refer to Novotny´ and
Pokorny´ [21] for the existence of weak solutions to the viscous compressible two-fluid model
with general pressure laws. See also [19] on large time behavior of weak solutions to viscous ver-
sion of (1.2)-(1.4) in one-dimensional space case. We will recall more results on other two-fluid
models in Section 5.1.
In this paper, we consider the global-in-time solvability of the inviscid two-fluid model (1.2)-
(1.4) in the framework of weak solutions with large initial data. By employing the celebrated
results on non-uniqueness of weak solutions to the incompressible Euler system, due to De
Lellis and Sze´kelyhidi [7, 8] (see also Chiodaroli [3], Feireisl [13]), we first prove the existence
of infinitely many weak solutions to (1.2)-(1.4) with smooth initial data. However, these weak
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solutions admit the initial energy jump on account of the convex integration scheme. Inspired by
Feireisl et al. [15] (see also Luo et al. [20]), we then show the existence of infinitely many weak
solutions which conserve the total energy for piecewise constant initial densities and suitably
chosen initial velocity. It turns out that the arguments used for (1.2)-(1.4) can be proceeded
in the same way for some other two-fluid models, see Section 5.1. In Section 5.2, we show that
the Cauchy problem for (1.2)-(1.4) admits local-in-time existence and uniqueness of classical
solutions. The main idea is to symmetrize the system in such a way that it enjoys similar
structure to compressible Euler system, as observed by Ruan and Trankhinin [22]. This gives
the local-in-time well-posedness in the framework of classical solutions.
We remark that the verification of non-uniqueness results for the incompressible Euler sys-
tem dates back to the papers of Scheffer [23] and Shnirelman [24] in two space dimensions.
These results were greatly improved by De Lellis and Sze´kelyhidi [7, 8] by the technique of con-
vex integration. Later, the convex integration scheme was adapted to the compressible Euler
system by Chiodaroli [3] and Feireisl [13] of an abstract Euler-type system. For more results
on its applications on models arising from fluid dynamics, we refer to [4, 5, 6, 9, 12, 14, 16, 25],
among others.
2 The main results
To fix ideas, we assume the fluids occupy a bounded Lipschitz domain Ω ⊂ R3. System (1.2) is
supplemented with the initial conditions:
[R,Q,u](0, ·) = [R0, Q0,u0](·) in Ω, (2.1)
and the impermeability boundary conditions:
u · n = 0 on ∂Ω, (2.2)
where n is the unit outward normal to ∂Ω.
We are now ready to give the definition of weak solutions as follows.
Definition 2.1 Let T ∈ (0,∞). A triple [R,Q,u] is said to be a weak solution to (1.2)-(1.4),
with the initial conditions (2.1) and the boundary conditions (2.2) in (0, T )× Ω provided that
•
R(t, x), Q(t, x) ≥ 0
for a.e. (t, x) ∈ (0, T )× Ω;
• ∫ T
0
∫
Ω
(R∂tφ+Ru · ∇xφ) dxdt+
∫
Ω
R0φ(0, ·) dx = 0
for any φ ∈ C∞c ([0, T )× Ω);
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• ∫ T
0
∫
Ω
(Q∂tφ+Qu · ∇xφ) dxdt+
∫
Ω
Q0φ(0, ·) dx = 0
for any φ ∈ C∞c ([0, T )× Ω);
∫ T
0
∫
Ω
(
(R +Q)u · ∂tφ+ (R+Q)u⊗ u : ∇xφ+ Z
γ+divxφ
)
dxdt
+
∫
Ω
(R0 +Q0)u0 · φ(0, ·) dx = 0
for any φ ∈ C∞c ([0, T )× Ω;R
3), φ · n|∂Ω = 0.
Our first result is concerned with the existence of global-in-time weak solutions with general
initial data.
Theorem 2.1 Let Ω ⊂ R3 be a bounded Lipschitz domain and γ± > 1. Suppose that
R0 > R > 0, Q0 > Q > 0,
R0, Q0 ∈ C
3(Ω), u0 ∈ C
3(Ω;R3), u0 · n|∂Ω = 0.
Then there exist infinitely many weak solutions to (1.2)-(1.4) in the sense of Definition 2.1,
for any T ∈ (0,∞).
By setting α := RZ , one formally derives from (1.2) the energy identity (see Lemma 2.2 in
[2]):
d
dt
∫
Ω
[
1
2
(R+Q)|u|2 +
1
γ+ − 1
(
R
α
)γ+
α+
1
γ− − 1
(
Q
1− α
)γ
−
(1 − α)
]
dx = 0. (2.3)
We remark that the weak solutions obtained in Theorem 2.1 admit the drawback of initial
energy jump due to the method of convex integration. Thus, the energy inequality is not
satisfied. In the next theorem, suitable initial data are chosen to avoid this.
Theorem 2.2 Let Ω and γ± be as in Theorem 2.1. Assume that the initial densities R0 and
Q0 are piecewise constant and bounded, i.e., there exist at most countably open sets {Ωi} such
that
Ω = ∪iΩi, Ωi ⊂ Ω, Ωi ∩ Ωj = ∅ if i 6= j, |∂Ωi| = 0,
R0|Ωi = R
i
0, Q0|Ωi = Q
i
0,
0 < inf
i
Ri0 ≤ sup
i
Ri0 <∞, 0 < inf
i
Qi0 ≤ sup
i
Qi0 <∞.
Then there exists u0 ∈ L
∞(Ω;R3) such that the problem (1.2)-(1.4) admits infinitely many
weak solutions in the sense of Definition 2.1 emanating from the same initial data [R0, Q0,u0].
Furthermore, these solutions comply with the conservation of total energy (2.3).
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Remark 2.1 With obvious modifications in the proof, the conclusions of Theorems 2.1-2.2
hold for the N -dimensional space with N ≥ 2. Here, we choose the physically relevant three-
dimensional space for definiteness.
The rest of this paper is arranged as follows. In Section 3, we show the existence of infinitely
many weak solutions with general initial data. By choosing piecewise constant initial densities
and suitable initial velocity, we prove the existence of infinitely many weak solutions satisfying
the energy equality, see Section 4. Further discussions will be presented in Section 5 concerning
the adaptations to other two-fluid models and local-in-time existence and uniqueness of classical
solutions.
3 Infinitely many weak solutions
The present section is dedicated to the proof of Theorem 2.1. The arguments used here are
adaptations of the non-uniqueness results for compressible Euler system from [5].
Our purpose first is to rewrite system (1.2) as a variant of incompressible Euler system, to
be able to apply the convex integration machinery. We employ the Helmholz decomposition
and we identify two potentials Ψ1, Ψ2 and two solenoidal vector fields v1, v2 such that
Ru = v1 +∇xΨ1, divxv1 = 0, (3.1)
Qu = v2 +∇xΨ2, divxv2 = 0. (3.2)
To proceed, we use the following ansatz:{
R, Q ∈ C2([0, T ]× Ω), R(0, ·) = R0(·), Q(0, ·) = Q0(·),
R(t, x), Q(t, x) ≥ C > 0, for any (t, x) ∈ [0, T ]× Ω.
(3.3)
Then, recalling the continuity equations (1.2)1 and (1.2)2, one finds that the potential functions
Ψ1 and Ψ2 are unique solutions to the following Neumann problems:
−∆Ψ1(t, ·) = ∂tR(t, ·),
∇xΨ1 · n|∂Ω = 0,∫
Ω
Ψ1(t, ·) dx = 0,
(3.4)

−∆Ψ2(t, ·) = ∂tQ(t, ·),
∇xΨ2 · n|∂Ω = 0,∫
Ω
Ψ2(t, ·) dx = 0.
(3.5)
It follows from (3.1) and (3.2) that
(R+Q)u = (v1 + v2) +∇x(Ψ1 +Ψ2) =: v +∇xΨ. (3.6)
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Consequently, it remains to prove the existence of infinitely many weak solutions to
∂tv + divx
(
(v +∇xΨ)⊗ (v +∇xΨ)
R+Q
)
+∇x
(
Zγ+(R,Q) + ∂tΨ−
2
3
Λ
)
= 0,
divxv = 0,
v · n|∂Ω = 0,
v(0, ·) = v0 := R0u0 −∇xΨ1(0, ·) +Q0u0 −∇xΨ2(0, ·).
(3.7)
In (3.7)1, Λ is a positive constant to be determined later on.
Notice that due to the ansatz (3.3), the triple [R,Q,u] with
u =
v +∇xΨ
R+Q
solves the original problem (1.2) with the initial-boundary conditions (2.1)-(2.2) as long as v
is a solution to (3.7). Notice also that (3.7) is of relevant form, similar to the incompressible
Euler system. The existence of infinitely many weak solutions to such a type of systems has
been obtained by Feireisl [13] in a quite general setting. Inspired by [5, 13], we set the kinetic
energy as
e := Λ−
3
2
(
Zγ+(R,Q) + ∂tΨ
)
. (3.8)
The crucial concept in the convex integration scheme lies in the choice of the set of subsolutions
(see [8, 5, 12, 13, 14, 16]).
Definition 3.1 Let R3×3sym,0 denote the space of symmetric 3 × 3 matrices with zero trace, and
λmax[V] denote the maximal eigenvalue of V ∈ R
3×3
sym. We will call X0 the set of subsolutions if
X0 :=
{
v |v ∈ L∞((0, T )× Ω;R3) ∩ Cweak([0, T ];L
2(Ω;R3)) ∩ C1((0, T )× Ω;R3),
such that v satisfies 
∂tv + divxU = 0,
divxv = 0,
v(0, ·) = v0,
v · n|∂Ω = 0,
for some U ∈ C1((0, T )× Ω;R3×3sym,0) ∩ L
∞((0, T )× Ω;R3×3sym,0),
3
2
λmax
[
(v +∇xΨ)⊗ (v +∇xΨ)
R+Q
− U
]
< e in (0, T )× Ω
}
.
To make sure that X0 is non-empty, we first make use of an observation from [19]. Suppose
that
0 < R ≤ R(t, x) ≤ R <∞, 0 < Q ≤ Q(t, x) ≤ Q <∞, (3.9)
for any (t, x) ∈ [0, T ]× Ω. Then it follows from the structural relations (1.4) that there exist
constants Z, Z such that
0 < Z ≤ Z(t, x) ≤ Z <∞, (3.10)
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for any (t, x) ∈ [0, T ]× Ω. Indeed, the lower bound of Z follows directly from (1.4)2 and it is
enough to take Z = R. Notice also that Z must be bounded from above, i.e.,
Z(t, x) ≤ max
{
2R, (2Q)1/γ
}
, for any (t, x) ∈ [0, T ]× Ω.
Otherwise, assume that there exists (t0, x0) ∈ [0, T ]× Ω such that
Z(t0, x0) > max
{
2R, (2Q)1/γ
}
,
then
Q ≥ Q(t0, x0) =
(
1−
R(t0, x0)
Z(t0, x0)
)
Zγ(t0, x0) ≥
1
2
Zγ(t0, x0) > Q,
which is a contradiction.
Now, let E(v,U) := λmax(v ⊗ v − U) for v ∈ R
3,U ∈ R3×3sym,0. It follows from Lemma 3 in
[8] that the mapping E(·, ·) : R3 × R3×3sym,0 → R is convex. Thus,
λmax
[
(v0 +∇xΨ)⊗ (v0 +∇xΨ)
R +Q
]
is bounded. Since from (3.3)-(3.5) ∂tΨ is bounded as well, and thanks to (3.9)-(3.10), we may
now fix Λ sufficiently large such that
3
2
λmax
[
(v0 +∇xΨ)⊗ (v0 +∇xΨ)
R+Q
]
+
3
2
(
Zγ+(R,Q) + ∂tΨ
)
< Λ (3.11)
holds in (0, T ) × Ω. We thus found that v0 together with U = 0 belongs to the space of
subsolutions X0.
To proceed, we recall the crucial oscillatory lemma.
Lemma 3.1 (Lemma 3.2, [5]) Let ˜̺, V satisfy
0 < ̺ ≤ ˜̺≤ ̺ <∞, ˜̺∈ C1([0, T ]× Ω),
V˜ ∈ C1([0, T ]× Ω;R3).
Suppose in addition that
v ∈ Cweak([0, T ];L
2(Ω;R3)) ∩ C1((0, T )× Ω;R3),
solves the linear system {
∂tv + divxW = 0,
divxv = 0,
in (0, T )× Ω for some W belonging to C1((0, T )× Ω;R3×3sym,0) such that
3
2
λmax
[
(v + V˜)⊗ (v + V˜)
˜̺
−W
]
< e˜
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in (0, T )× Ω, for some e˜ ∈ C([0, T ]× Ω), e˜ > 0.
Then there exist two sequences
{vn}
∞
n=1 ⊂ C
∞
c ((0, T )× Ω;R
3), {Wn}
∞
n=1 ⊂ C
∞
c ((0, T )× Ω;R
3×3
sym,0)
such that
∂tvn + divxWn = 0,
divxvn = 0,
3
2
λmax
[
(v + V˜ + vn)⊗ (v + V˜ + vn)
˜̺
− (W+Wn)
]
< e˜ in (0, T )× Ω,
vn → 0 in Cweak([0, T ];L
2(Ω;R3)),
lim inf
n→∞
∫ T
0
∫
Ω
|vn|2
˜̺
dxdt ≥ C∗
∫ T
0
∫
Ω
(
e˜−
1
2
|v + V˜|2
˜̺
)2
dxdt.
(3.12)
Here, C∗ is a positive constant depending solely on ˜̺, V˜ and e˜.
This lemma may be viewed as a variant of Proposition 3 from [8] in the context of incompressible
Euler equations (see also Chiodaroli [3]).
Let v ∈ X0 with the associated matrix-valued function U. Using again the elementary
inequality from Lemma 3 in [8] we get that
1
2
|v +∇xΨ|2
R+Q
≤
3
2
λmax
[
(v +∇xΨ)⊗ (v +∇xΨ)
R+Q
− U
]
< e. (3.13)
We then conclude from (3.13) that the set of subsolutions is bounded in L∞((0, T ) × Ω;R3).
As an immediate consequence, we realize that the space of subsolutions X0 with respect to the
topology of Cweak([0, T ];L
2(Ω;R3)) is metrizable, see for example [8]. Let X0 be the closure
of X0 with respect to this metrizable topology. In other words, X0 becomes a complete metric
space. This will allow us to apply Baire’s category theorem in the end of this section.
We are now in a position to complete the proof of Theorem 2.1, adapting the arguments
from [5, 13, 16].
Proof of Theorem 2.1. By setting the functional
I[v] :=
∫ T
0
∫
Ω
(
1
2
|v +∇xΨ|2
R+Q
− e
)
dxdt,
in agreement with the definition of subsolutions, we may regard I as a mapping ranging from
X0 to (−∞, 0]. Now the central task is to show that
I[v] = 0, if I is continuous at v ∈ X0. (3.14)
Suppose that v ∈ X0 is a continuity point of I. Then there exist a sequence {v(k)}∞k=1 ⊂ X0
such that
v(k) → v in Cweak([0, T ];L
2(Ω;R3))
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and
I[v(k)]→ I[v]
as k → ∞. Let {U(k)}∞k=1 ⊂ C
1((0, T )× Ω;R3×3sym,0) ∩ L
∞((0, T ) × Ω;R3×3sym,0) be the sequence
of related fluxes in light of the Definition 3.1. Then
3
2
λmax
[
(v(k) +∇xΨ)⊗ (v(k) +∇xΨ)
R+Q
− U(k)
]
< e− εk in (0, T )× Ω
for a suitable vanishing sequence {εk}
∞
k=1. For a fixed k we may now apply Lemma 3.1 with
˜̺ = R+Q, v = v(k), V˜ = ∇xΨ, W = U
(k), e˜ = e− εk,
we conclude that there exist two sequences
{v(k)n }
∞
n=1 ⊂ C
∞
c ((0, T )× Ω;R
3), {W(k)n }
∞
n=1 ⊂ C
∞
c ((0, T )× Ω;R
3×3
sym,0)
such that
∂tv
(k)
n + divxW
(k)
n = 0,
divxv
(k)
n = 0,
3
2
λmax
[
(v(k) +∇xΨ+ v
(k)
n )⊗ (v(k) +∇xΨ+ v
(k)
n )
R+Q
− (U(k) + U(k)n )
]
< e− εk in (0, T )× Ω,
v(k)n → 0 in Cweak([0, T ];L
2(Ω;R3)),
lim inf
n→∞
∫ T
0
∫
Ω
|v
(k)
n |2
R+Q
dxdt ≥ C∗
∫ T
0
∫
Ω
(
e− εk −
1
2
|v(k) +∇xΨ|2
R+Q
)2
dxdt.
(3.15)
In particular, C∗ is independent of k and n. Upon setting
w(k)n := v
(k) + v(k)n , H
(k)
n := U
(k) + U(k)n ,
it follows that
∂tw
(k)
n + divxH
(k)
n = 0,
divxw
(k)
n = 0,
3
2
λmax
[
(w
(k)
n +∇xΨ)⊗ (w
(k)
n +∇xΨ)
R+Q
−H(k)n
]
< e− εk in (0, T )× Ω.
(3.16)
As a consequence, we find that w
(k)
n ∈ X0 for any n, k ≥ 1.
9
Making use of (3.15)4 and Cauchy-Schwarz’s inequality,
lim inf
k→∞
I[w
(k)
k ] = lim infk→∞
∫ T
0
∫
Ω
(
1
2
|v(k) + v
(k)
k +∇xΨ|
2
R+Q
− e
)
dxdt
= lim
k→∞
∫ T
0
∫
Ω
(
1
2
|v(k) +∇xΨ|2
R+Q
− e
)
dxdt+ lim inf
k→∞
∫ T
0
∫
Ω
1
2
|v
(k)
k |
2
R+Q
dxdt
≥ I[v] +
C∗
2
lim inf
k→∞
∫ T
0
∫
Ω
(
e− εk −
1
2
|v(k) +∇xΨ|2
R +Q
)2
dxdt
≥ I[w] +
C∗
2T
lim inf
k→∞
{∫ T
0
∫
Ω
(
e− εk −
1
2
|v(k) +∇xΨ|2
R+Q
)
dxdt
}2
= I[v] +
C∗
2T
(I[v])2 .
(3.17)
Notice that I[w
(k)
k ] → I[v] because w
(k)
k → v in Cweak([0, T ];L
2(Ω;R3)) as k → ∞. Then it
follows from (3.17) that I[v] = 0, which verifies (3.14).
Hence, for any v ∈ X0 which is a continuity point of the functional I, the inequality (3.13)
must be an equality. Recalling again Lemma 3 from [8], this happens only if
U =
(v +∇xΨ)⊗ (v +∇xΨ)
R+Q
−
1
3
|v +∇xΨ|2
R+Q
I3,
where the associated flux U may be obtained as the weak limits of the corresponding fluxes in
X0. Passing to the limit and using the definition of e, (3.8), we deduce that v solves (3.7).
Finally, observe that the functional I is lower semi-continuous on the complete metric space
X0. In accordance with Baire’s category theorem, the points of continuity of I admit infinite
cardinality. This finishes the proof of Theorem 2.1. 
4 Infinitely many admissible weak solutions
The aim of this section is to pick up suitable initial data such that the problem (1.2)-(2.2) admits
infinitely many weak solutions which conserve the total energy (2.3). These weak solutions are
usually termed as admissible weak solutions.
Proof of Theorem 2.2.
Step 1. We begin with the special case that the initial densities
R0 ≡ R = const. > 0, Q0 ≡ Q = const. > 0.
Let Z(R,Q) be the positive constant determined by the relation (1.4). It follows from Theorem
13.6.1 in [13] that there existsm0 ∈ L∞(Ω;R
3) and a positive constant χ such that the problem
divxm = 0,
∂tm+ divx
(
m⊗m
R+Q
−
1
3
|m|2
R+Q
I3
)
= 0,
m(0, ·) =m0,
m · n|∂Ω = 0,
(4.1)
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admits infinitely many weak solutions m in (0, T )× Ω obeying
m ∈ L∞((0, T )× Ω;R3) ∩Cweak([0, T ];L
2(Ω;R3)),
1
2
|m|2
R +Q
= χ−
3
2
Zγ+(R,Q) for a.e. t ∈ (0, T ), x ∈ Ω,
1
2
|m0|2
R +Q
= χ−
3
2
Zγ+(R,Q).
(4.2)
The role of χ is similar to Λ in (3.7). It follows immediately from (4.2) that∫
Ω
1
2
|m|2
R+Q
(t, x) dx =
∫
Ω
1
2
|m0|2
R +Q
dx, (4.3)
for a.e. t ∈ (0, T ). In addition, (4.1)1 and (4.1)2 are satisfied in the sense of distributions, i.e.,∫ T
0
∫
Ω
m · ∇xφ dxdt = 0, for any φ ∈ C
∞([0, T ]× Ω), (4.4)
∫ T
0
∫
Ω
[
m · ∂tφ+
(
m⊗m
R+Q
−
1
3
|m|2
R+Q
I3
)
: ∇xφ
]
dxdt+
∫
Ω
m0 · φ(0, ·) dx = 0, (4.5)
for any φ ∈ C∞c ([0, T )× Ω;R
3). It should be emphasized that (4.5) holds for any smooth test
function without requiring the normal trace of φ to be zero, as observed by Feireisl et al. in
[15] in the context of complete Euler system. Thus, by setting the velocity to be u := mR+Q , we
conclude from (4.4) that∫ T
0
∫
Ω
(R∂tφ+Ru · ∇xφ) dxdt+
∫
Ω
Rφ(0, ·) dx = 0, (4.6)
∫ T
0
∫
Ω
(Q∂tφ+Qu · ∇xφ) dxdt+
∫
Ω
Qφ(0, ·) dx = 0, (4.7)
for any φ ∈ C∞c ([0, T )× Ω) and from (4.2)2 and (4.5) that∫ T
0
∫
Ω
{
(R+Q)u · ∂tφ+
[
(R +Q)u⊗ u+ Zγ+(R,Q)I3 −
2
3
χ I3
]
: ∇xφ
}
dxdt
+
∫
Ω
(R+Q)u0 · φ(0, ·) dx = 0,
(4.8)
for any φ ∈ C∞c ([0, T )× Ω;R
3). Observe that the χ-dependent term vanishes after restricting
the test functions to be φ · n|∂Ω = 0. Finally, it follows from (4.3) and the fact that R, Q are
positive constants that∫
Ω
[
1
2
(R +Q)|u|2 +
1
γ+ − 1
(
R
α
)γ+
α+
1
γ− − 1
(
Q
1− α
)γ
−
(1− α)
]
(t) dx
=
∫
Ω
[
1
2
(R0 +Q0)|u0|
2 +
1
γ+ − 1
(
R0
α0
)γ+
α+
1
γ− − 1
(
Q0
1− α0
)γ
−
(1− α0)
]
dx,
(4.9)
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for a.e. t ∈ (0, T ). Recall that we defined α = RZ , so by taking R, Z constant, we guarantee
that also α = α0 = conts.
Combining (4.6)-(4.9), we have verified that for any constants positive densities R0, Q0 and
R,Q such that R0 ≡ R, Q0 ≡ Q, there exists u0 ∈ L∞(Ω;R
3) such that there exist infinitely
many weak solutions [R,Q,u] to the problem (1.2)-(2.2) in (0, T ) × Ω conserving the total
energy (4.9).
Step 2. We now turn to more general case when the initial densities are piecewise constant as
assumed in Theorem 2.2. Employing the result of Step 1 in each Ωi, we obtain a suitable initial
momentummi0 ∈ L
∞(Ωi;R
3) such that the problem (1.2) admits infinitely many weak solutions
[Ri0, Q
i
0,m
i] in (0, T )×Ωi with initial data [Ri0, Q
i
0,u
i
0]. Here, u
i
0 :=
m
i
0
Ri
0
+Qi
0
. Consequently, by
setting
m0|Ωi =m
i
0, m|Ωi =m
i, u0|Ωi = u
i
0, u :=
m
R0 +Q0
, ui := u|Ωi ,
we conclude that there exist infinitely many weak solutions [R0, Q0,m] to the problem (1.2)
emanating from the initial data [R0, Q0,u0] and conserving the total energy. To see this, we
need to verify the integral identities as follows.∫ T
0
∫
Ω
(R0∂tφ+R0u · ∇xφ) dxdt =
∫ T
0
∫
∪iΩi
(R0∂tφ+R0u · ∇xφ) dxdt
=
∑
i
∫ T
0
∫
Ωi
(
Ri0∂tφ+R
i
0u
i · ∇xφ
)
dxdt = −
∑
i
∫
Ωi
Ri0φ(0, ·) dx = −
∫
Ω
R0φ(0, ·) dx,
for any φ ∈ C∞c ([0, T )×Ω). This gives the weak formulation of the continuity equation (1.2)1.
The weak formulation of (1.2)2 is verified in the same way. Let us now verify the momentum
equation. It should be emphasized that we can choose χ to be the same sufficiently large positive
constant in each subdomain Ωi, in view of the assumptions of initial densities and the crucial
observations (3.9)-(3.10). Indeed, since Z(R,Q) is uniformly bounded on Ω, for any i we can
choose some χ large enough such that the right-hand side of (4.2)2 is positive. Therefore,∫ T
0
∫
Ω
(
(R0 +Q0)u · ∂tφ+ [(R0 +Q0)u⊗ u+ Z
γ+(R0, Q0)I3] : ∇xφ
)
dxdt
=
∫ T
0
∫
Ω
{
(R0 +Q0)u · ∂tφ+
[
(R0 +Q0)u⊗ u+ Z
γ+(R0, Q0)I3 −
2
3
χ I3
]
: ∇xφ
}
dxdt
=
∫ T
0
∫
∪iΩi
{
(R0 +Q0)u · ∂tφ+
[
(R0 +Q0)u⊗ u+ Z
γ+(R0, Q0)I3 −
2
3
χ I3
]
: ∇xφ
}
dxdt
=
∑
i
∫ T
0
∫
Ωi
{
(Ri0 +Q
i
0)u
i · ∂tφ+
[
(Ri0 +Q
i
0)u
i ⊗ ui + Zγ+(Ri0, Q
i
0)I3 −
2
3
χ I3
]
: ∇xφ
}
dxdt
= −
∑
i
∫
Ωi
(Ri0 +Q
i
0)u
i
0 · φ(0, ·) dx = −
∫
Ω
(R0 +Q0)u0 · φ(0, ·) dx,
for any φ ∈ C∞c ([0, T )× Ω;R
3) with φ · n|∂Ω = 0. Notice that φ · n|∂Ω = 0 allows us to write
the first identity. In a similar manner, one gets the conservation of total energy by virtue of
(4.9). This finishes the proof of Theorem 2.2. 
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5 Further discussions
5.1 On other two-fluid models
In this section, we advocate that Theorems 2.1-2.2 still hold for some other inviscid two-fluid
models, by employing the same arguments as in Sections 3-4. The governing equations still
read as (1.2), i.e., 
∂tR+ divx(Ru) = 0,
∂tQ+ divx(Qu) = 0,
∂t[(R+Q)u] + divx[(R +Q)u⊗ u] +∇xp(R,Q) = 0,
(5.1)
where R and Q are the densities of two fluids, and u is the common velocity field, but the form
of the pressure p differs. We will choose two kinds of physically relevant models arising from
engineering and asymptotic analysis respectively.
The first one is the liquid-gas flow, modeling the time evolution of the liquid and gas with
the same velocity field. The model is widely applicable to describe the well and pipe flow
processes [10]. In this model, the pressure P (m,n) is given by
p(R,Q) = C
(
−b(R,Q) +
√
b2(R,Q) + c(R,Q)
)
, (5.2)
where {
b(R,Q) = k0 −R− a0Q,
c(R,Q) = 4k0a0Q,
(5.3)
and C, k0, a0 are positive physical constants. Mathematical results on the liquid-gas model are
mainly concentrated on the viscous flows. Evje and Karlsen in [10] proved the existence of
global weak solutions to the one-dimensional viscous liquid-gas model by neglecting the gas
phase in the mixture momentum equation. The extension to the two-dimensional space was
obtained by Yao et al. [28] with small initial data. In one-dimensional space, Evje et al. [11]
obtained the existence of global weak solutions by incorporating the gas phase in the mixture
momentum equation. See also [27] and the references cited therein for more related results. On
the other hand, again by neglecting the gas phase in the mixture momentum equation, Ruan
and Trakhinin in [22] introduced an entropy-like function and symmetrize the inviscid liquid-gas
model, giving rise to many interesting results, say, the local-in-time well-posedness of classical
solutions. As far as we know, the existence of global-in-time solutions to the inviscid liquid-gas
model (5.1) in three-dimensional space is not known.
The second one is the fluid-particle model describing the time evolution of fluids and parti-
cles. Under this setting, the pressure p(R,Q) assumes the form
p(R,Q) = Rγ +Qβ, γ, β ≥ 1. (5.4)
Very recently, Vasseur et al. [26] proved the existence of finite energy weak solutions to the
viscous fluid-particle model under suitable constraints on γ and β. For the inviscid fluid-particle
model, we refer to Ruan and Trakhnin [22] for local-in-time existence of shock waves and vortex
sheets.
Similar to the two-fluid model (1.2), we have the global-in-time existence results for (5.1)
with pressure satisfying either (5.2)-(5.3) or (5.4). We leave the details to the interested reader.
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5.2 Local-in-time well-posedness
As we have seen in Theorem 2.1, problem (1.2)-(1.4) is globally solvable but ill-posed in the class
of weak solutions. However, it is locally well-posed when considering classical solutions. This is
also in agreement with the compressible Euler equations. The main idea is to symmetrize the
inviscid two-fluid model (1.2) and invoke the standard result of quasilinear symmetric hyperbolic
system. Inspired by Ruan and Trakhinin [22] (see also Li et al. [19] for similar observation in
1D regime), we introduce the new variables.
̺ := R+Q, s :=
R
Q
,
and (1.2) is then reformulated as
∂t̺+ divx(̺u) = 0,
∂ts+ u · ∇xs = 0,
∂t(̺u) + divx(̺u⊗ u) +∇xp = 0,
(5.5)
where the pressure p is rewritten as
p = Zγ+(̺, s).
Here, Z(̺, s) is determined by
̺
1 + s
=
(
1−
̺s
(1 + s)Z
)
Zγ , γ = γ+/γ−,
̺s
1 + s
≤ Z,
according to (1.4). Suppose that ̺ and s are strictly positive, one can then reformulate (5.5) as
1
̺∂̺p
(∂tp+ u · ∇xp) + divxu = 0,
∂ts+ u · ∇xs = 0,
̺(∂tu+ u · ∇xu) +∇xp = 0.
(5.6)
Notice that we may rewrite (5.6) in the form of quasilinear symmetric hyperbolic system:
A0(U)∂tU+
3∑
i=1
Ai(U)∂xiU = 0, (5.7)
where
U := (p,u, s)t,
A0(U) =

1
̺∂̺p
0 0 0 0
0 ̺ 0 0 0
0 0 ̺ 0 0
0 0 0 ̺ 0
0 0 0 0 1
 ,
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A1(U) =

u1
̺∂̺p
1 0 0 0
1 ̺u1 0 0 0
0 0 ̺u1 0 0
0 0 0 ̺u1 0
0 0 0 0 u1
 ,
A2(U) =

u2
̺∂̺p
0 1 0 0
0 ̺u2 0 0 0
1 0 ̺u2 0 0
0 0 0 ̺u2 0
0 0 0 0 u2
 ,
A3(U) =

u3
̺∂̺p
0 0 1 0
0 ̺u3 0 0 0
0 0 ̺u3 0 0
1 0 0 ̺u3 0
0 0 0 0 u3
 ,
Direct computation yields that
∂̺p =
γ+Z
γ+(Z + s)
γ(1 + s)Zγ+1 + ̺s
,
which is strictly positive if ̺ and s are positive. This shows that A0(U) is positive definite.
Recalling the standard result on quasilinear symmetric hyperbolic system, see Kato [18], we
conclude that the Cauchy problem for (5.7) admits a unique local-in-time classical solution in
Sobolev space Hm(R3) for any integer m > 52 .
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